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The idea that the nuclear matter may posses long range topological order is supported by
the theory and the lattice calculations. At high temperature this order is instrumental in
producing anomalous phenomena such as the Chiral Magnetic Effect. In the cold nuclear
matter it affects the gluon distribution in the nuclear wave function at low x. The effect
of the topological order is encapsulated in the unintegrated gluon distribution functions
which are proportional, at the leading order, to the square of the gluon propagator at finite
topological charge density. It is argued that the Electron Ion Collider is well suited to study
the topological order of the cold nuclear matter.
The search for the Chiral Magnetic Effect [1–3] and related phenomena that bear a witness to the
topological structure of the QCD vacuum, is one of the highlights of the contemporary relativistic
heavy-ion collisions program [4]. It is believed that the matter with chiral fermions is organized
into the topological domains characterized by a finite topological charge density. Moreover, it has
been argued by Zhitnitsky [5, 6] that the correlation length of such a topological domain can be
significantly larger than the typical scale of the QCD vacuum fluctuations (of the order of 1 fm) and
the topological charge is a slowly varying function of spacetime. The existence of the topological
order is supported by the lattice calculations [7–14]. It is a necessary condition for the experimental
observation of the chiral magnetic effects because otherwise, in the absence of the long distance
order, the anomalous currents generated in different domains would average to zero even in a single
event [15]. Clearly, the topological order can manifest itself only in systems whose size significantly
exceeds the size of proton. Thus, the hot nuclear matter produced in heavy-ion collisions is a natural
place to search for such topological effects. The conventional wisdom is that high temperature is
advantageous for the topological effects because the rate of the sphaleron transitions increases in
proportion to its fourth power. On the other hand, it is plausible that these transitions work to
destroy the topological order thereby making the experimental observations more challenging. It
is worth noting that the chiral magnetic effect was observed in Weyl semimetals, where the role
of the topological domain is played by the separation of the Weyl nodes in the momentum space
which also provides the necessary topological order [16]. Kang and Kharzeev proposed to look for
the topological effects in quark fragmentation [17], which however is not sensitive to the topological
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2order but rather to the typical QCD fluctuations.
In this letter we propose to study the topological order of cold nuclear matter using Deep
Inelastic Scattering on heavy nucleus at small x. The small-x interactions are characterized by
long coherence length `c ∼ fm/x which can exceed the size R = A1/3 fm of a heavy nucleus. Since
the typical scale of the topological charge variation is λ = 1/∂ ln θ, the interaction is sensitive to
the topological order if `c > λ or x < fm/λ  1. On the other hand, at very small x the nuclear
wave function is populated by a large number of gluon excitations that screen off the topological
order. Therefore, only the processes with moderately small x, viz. in the range between 0.1 and
0.01, can be employed to search for the novel topological effects. In terms of the Color Glass
Condensate theory [18, 19], the color charges of the McLerran-Venugopalan model [20–23] are
topologically ordered over long distances λ. The topological order of the cold nuclear matter is
arguably very different from that of the Quark-Gluon Plasma. Nevertheless, it is generated by
the same topological terms in the QCD Lagrangian. The topological domains of the cold nuclear
matter can also be the seeds of the topological order in Quark-Gluon Plasma generated in heavy-ion
collisions [24].
A large number of observables at small x are proportional to the unintegrated gluon distribution
functions defined in (3) and (4). These distributions are sensitive to the topological order. In
the next several paragraphs we are going to derive their explicit dependence on the parameters
characterizing the topology of the nucleus.
The color field excitations in the topologically non-trivial background can be described by the
Lagrangian
L = −1
4
GaµνG
a
µν +
∑
f
ψ¯f (i/∂ + g /A)ψf − θ cA
4
GaµνG˜
a
µν , (1)
where cA = g
2Nf/8pi
2 is the chiral anomaly coefficient [25, 26] and θ is the pseudo-scalar field Leg-
endre conjugate to the topological charge density. The corresponding equations of motion depend
only on derivative ∂θ which is going to be denoted as∗ βµ = (β0,−β) = cA∂µθ = cA(θ˙,−∇θ).
In the topologically ordered system θ is slowly varying function of spacetime so that βµ is a con-
stant vector. Its time component β0 is proportional to the axial chemical potential, which Abelian
analogue is called the chiral conductivity σχ [3, 27] by the virtue of its special role in the Chiral
Magnetic Effect. The spatial components β are proportional to the splitting in momentum space
∗ Letter b is reserved for the impact parameter.
3of the Weyl nodes in the Weyl semimetals. The Feynman gluon propagator reads [28, 29]:
Dabµν(q) = −i
q2gµν + iµνρσβ
ρqσ + βµβν
q4 + β2q2 − (β · q)2 + iε δ
ab . (2)
The β-parameters enter many observable quantities by the way of the unintegrated gluon distribu-
tion functions φ(x,k⊥), which are related to the cross section of the gluon dipole on heavy nucleus
[30–32] as follows
φ(1)(x,k⊥) =
CF
8pi4αs
∫
d2b
∫
d2re−ik⊥·r
[
1− e−A〈ΓN (r,b)〉
] ∇2r 〈ΓN (r, b)〉
〈ΓN (r, b)〉 , (3)
φ(2)(x,k⊥) =
CF
8pi4αs
∫
d2b
∫
d2re−ik⊥·r∇2r
[
1− e−A〈ΓN (r,b)〉
]
, (4)
where the transverse plane is perpendicular to the nucleus momentum. The transverse vectors r
and b denote the separation of the color dipole charges and the position of the dipole with respect to
the nucleus center respectively. For example, the differential cross section for the double inclusive
quark jet q(k1) + q¯(k2) production is proportional to φ
(1) [32]:
dσγ
∗A→qq¯+X
d2P⊥d2k⊥dy1dy2
= δ(xγ∗ − 1)φ(1)(xg,k⊥)H , (5)
where P⊥ = (k1⊥−k2⊥)/2, k⊥ = k1⊥+k2⊥ and y1 and y2 are the rapidities of q and q¯. H is hard
partonic amplitude which depends on P⊥ and photon virtuality Q2. The average sign in (3) and
(4) refers to the average over the nucleon position since the gluon dipole can scatter on any of A
nucleons of the nucleus. Thus, for a nucleus of constant density ρ the average scattering amplitude
reads 〈
ΓN (r, b)
〉
=
1
A
∫
d2baT (ba) ρΓ
N (r, b′) ≈ 1
A
ρT (b)
∫
d2b′ΓN (r, b′) . (6)
where ba is the nucleon position, b
′ = b − ba is the dipole impact parameter with respect to the
nucleon (b ≈ ba  b′) and T (b) = 2
√
R2 − b2 for a spherical nucleus.
We now proceed with the calculation of the scattering amplitude of the gluon dipole on nucleon.
The lowest order contribution O(αs), describing one gluon exchange, vanishes when traced over the
nucleon’s quark color. The first finite contribution is the two gluon exchange at the order O(α2s).
Let p, p′ and q be four-momenta of the dipole’s gluon, proton’s quark and the exchanged gluon
respectively. In the eikonal approximation the quark trajectories are the straight lines so that in
the center-of-mass frame p = (p0,0, p3) and p′ = (p0,0,−p3) before and after the collision, while
the corresponding currents are 2pµ and 2p′µ, apart from the color factors. The current conservation
at each vertex p · q = p′ · q = 0 implies that q0 = q3 = 0. Using (2) the scattering amplitude reads
ΓN (r, b) =
α2s
4pi2
∣∣∣∣∣
∫
d2q⊥
q2⊥ + iijβ
i
⊥q
j
⊥ − β2‖/2
q4⊥ − β2q2⊥ − (β⊥ · q⊥)2
(
e−i(b+r/2)·q⊥ − e−i(b−r/2)·q⊥
)∣∣∣∣∣
2
, (7)
4where β2‖ = β
2
0−β23 so that β2 = β2‖−β2⊥. Substituting (7) into (6) and integrating over the impact
parameter one arrives at
〈
ΓN (r, b)
〉
=
ρT (b)
A
α2s
∫
d2q⊥
(q2⊥ − β2‖/2)2 + β2⊥q2⊥ − (β⊥ · q⊥)2
[q4⊥ − β2q2⊥ − (β⊥ · q⊥)2]2
(
2− e−ir·q⊥ − eir·q⊥) , (8)
In the topologically trivial background β = 0 the amplitude (8) can be computed explicitly
A
〈
ΓN
〉
= r2Q2s ln(1/r)/4, where Q
2
s = 4piα
2
sρT (b) is the saturation momentum characterizing
the gluon density of nucleus [30, 33].
Using (8) in (3),(4) one obtains the corresponding unintegrated gluon distribution functions. At
large enough k⊥ the multiple scattering is a small effect and one can expand the square brackets
in (3) and (4) in powers of small parameter A
〈
ΓN
〉  1. In this approximation, all integrals
can be easily performed yielding the leading order in αs contribution to the unintegrated gluon
distribution functions
φ(1)(x,k⊥) ≈ φ(2)(x,k⊥) ≈ AαsCF
pi2
k2⊥
(k2⊥ − β2‖/2)2 + β2⊥k2⊥ − (β⊥ · k⊥)2
[k4⊥ − β2k2⊥ − (β⊥ · k⊥)2]2
. (9)
This formula indicates that the gluon distribution at small x is sensitive to the non-perturbative
topological configurations especially in the infrared. In particular, it varies with the azimuthal
angle between k⊥ and β⊥ and is finite at k⊥ → 0. In the cold nuclear matter the spatial gradients
β are expected to be larger than the temporal one β0 implying that β is a spacelike vector and
hence the denominator of (9) is finite at any k⊥.
The topological order can be studied at EIC in the kinematic region k⊥  Qs, x ∼ 10−2−10−1.
For example, the cross section (5) is expected to be dependent on the azimuthal angle in the
transverse plane. It must me stressed though that the parameters β‖ and β⊥ characterize the
topological order in a single event, but they vary randomly between different events. This means,
in particular, that the azimuthal dependence displayed in (9) is washed out when averaged over
many events. The azimuthal angle correlations can be captured by considering the event-by-
event fluctuations of the particle spectra. These fluctuations are expected to grow as x decreases
toward x ∼ 0.1 and then decrease at even smaller x as the result of the gluon saturation [33].
Denoting an observable quantity proportional to an unintegrated gluon distribution function as
I(ψ) where ψ is the azimuthal angle, i.e. angle between β⊥ and k⊥, one can measure the dispersion
δI =
〈
(I(ψ)− 〈I(ψ)〉)2〉 as a function of x, where the averaging is over the events.
In summary, it is argued that (i) gluon distribution functions of heavy nucleus at low x are
sensitive to the topological structure of QCD and (ii) the future Electron Ion Collider [34] will
study the nuclear matter in the kinematic regime that is sensitive to these novel effects. The
5question of whether the luminocity of EIC will be sufficient to detect these effects requires a
dedicated phenomenological analysis.
ACKNOWLEDGMENTS
I thank A. Zhitnitsky for an enlightening discussion. This work was supported in part by the
U.S. Department of Energy under Grant No. DE-FG02-87ER40371.
[1] D. Kharzeev and A. Zhitnitsky, “Charge separation induced by P-odd bubbles in QCD matter,” Nucl.
Phys. A 797 (2007) 67, [arXiv:0706.1026 [hep-ph]].
[2] D. E. Kharzeev, L. D. McLerran and H. J. Warringa, “The Effects of topological charge change in
heavy ion collisions: ’Event by event P and CP violation’,” Nucl. Phys. A 803, 227-253 (2008),
[arXiv:0711.0950 [hep-ph]].
[3] K. Fukushima, D. E. Kharzeev and H. J. Warringa, “The Chiral Magnetic Effect,” Phys. Rev. D 78,
074033 (2008), [arXiv:0808.3382 [hep-ph]].
[4] D. Kharzeev, J. Liao, S. Voloshin and G. Wang, “Chiral magnetic and vortical effects in high-energy
nuclear collisionsA status report,” Prog. Part. Nucl. Phys. 88, 1-28 (2016), [arXiv:1511.04050 [hep-ph]].
[5] A. R. Zhitnitsky, “P odd fluctuations and Long Range Order in Heavy Ion Collisions. Deformed QCD
as a Toy Model,” Nucl. Phys. A 897, 93 (2013), [arXiv:1208.2697 [hep-ph]].
[6] A. R. Zhitnitsky, “QCD as a topologically ordered system,” Annals Phys. 336, 462-481 (2013),
[arXiv:1301.7072 [hep-ph]].
[7] I. Horvath, S. J. Dong, T. Draper, F. X. Lee, K. F. Liu, N. Mathur, H. B. Thacker and J. B. Zhang,
“Low dimensional long range topological charge structure in the QCD vacuum,” Phys. Rev. D 68,
114505 (2003), [arXiv:hep-lat/0302009 [hep-lat]].
[8] I. Horvath, A. Alexandru, J. B. Zhang, Y. Chen, S. J. Dong, T. Draper, F. X. Lee, K. F. Liu, N. Mathur,
S. Tamhankar and H. B. Thacker, “Inherently global nature of topological charge fluctuations in QCD,”
Phys. Lett. B 612, 21-28 (2005), [arXiv:hep-lat/0501025 [hep-lat]].
[9] I. Horvath, A. Alexandru, J. B. Zhang, Y. Chen, S. J. Dong, T. Draper, K. F. Liu, N. Mathur,
S. Tamhankar and H. B. Thacker, “The Negativity of the overlap-based topological charge density
correlator in pure-glue QCD and the non-integrable nature of its contact part,” Phys. Lett. B 617,
49-59 (2005), [arXiv:hep-lat/0504005 [hep-lat]].
[10] A. Alexandru, I. Horvath and J. b. Zhang, “The Reality of the fundamental topological structure in
the QCD vacuum,” Phys. Rev. D 72, 034506 (2005), [arXiv:hep-lat/0506018 [hep-lat]].
[11] E. M. Ilgenfritz, K. Koller, Y. Koma, G. Schierholz, T. Streuer and V. Weinberg, “Exploring the
structure of the quenched QCD vacuum with overlap fermions,” Phys. Rev. D 76, 034506 (2007),
6[arXiv:0705.0018 [hep-lat]].
[12] E. M. Ilgenfritz, D. Leinweber, P. Moran, K. Koller, G. Schierholz and V. Weinberg, “Vacuum structure
revealed by over-improved stout-link smearing compared with the overlap analysis for quenched QCD,”
Phys. Rev. D 77, 074502 (2008), [arXiv:0801.1725 [hep-lat]].
[13] A. V. Kovalenko, M. I. Polikarpov, S. N. Syritsyn and V. I. Zakharov, “Three dimensional vacuum
domains in four dimensional SU(2) gluodynamics,” Phys. Lett. B 613, 52-56 (2005), [arXiv:hep-
lat/0408014 [hep-lat]].
[14] F. Bruckmann, F. Gruber, N. Cundy, A. Schafer and T. Lippert, “Topology of dynamical lattice
configurations including results from dynamical overlap fermions,” Phys. Lett. B 707, 278-285 (2012),
[arXiv:1107.0897 [hep-lat]].
[15] K. Tuchin, “Impact of domain walls on the chiral magnetic effect in hot QCD matter,” Phys. Rev. C
97, no.6, 064914 (2018), [arXiv:1802.09629 [hep-ph]].
[16] Q. Li et al., “Observation of the chiral magnetic effect in ZrTe5,” Nature Phys. 12, 550 (2016),
[arXiv:1412.6543 [cond-mat.str-el]].
[17] Z. B. Kang and D. E. Kharzeev, “Quark fragmentation in the θ-vacuum,” Phys. Rev. Lett. 106, 042001
(2011) [arXiv:1006.2132 [hep-ph]].
[18] E. Iancu and R. Venugopalan, “The Color glass condensate and high-energy scattering in QCD,”
[arXiv:hep-ph/0303204 [hep-ph]].
[19] Y. V. Kovchegov and E. Levin, “Quantum chromodynamics at high energy,” Camb. Monogr. Part.
Phys. Nucl. Phys. Cosmol. 33, 1-350 (2012)
[20] L. D. McLerran and R. Venugopalan, “Computing quark and gluon distribution functions for very large
nuclei,” Phys. Rev. D 49, 2233 (1994), [arXiv:hep-ph/9309289];
[21] L. D. McLerran and R. Venugopalan, “Gluon distribution functions for very large nuclei at small
transverse momentum,” Phys. Rev. D 49, 3352 (1994), [arXiv:hep-ph/9311205];
[22] L. D. McLerran and R. Venugopalan, “Green’s functions in the color field of a large nucleus,” Phys.
Rev. D 50, 2225 (1994), [arXiv:hep-ph/9402335].
[23] A. H. Mueller, Nucl. Phys. B 335, 115-137 (1990)
[24] T. Lappi and L. McLerran, Nucl. Phys. A 772, 200-212 (2006) [arXiv:hep-ph/0602189 [hep-ph]].
[25] S. L. Adler, “Axial vector vertex in spinor electrodynamics,” Phys. Rev. 177, 2426 (1969).
[26] J. S. Bell and R. Jackiw, “A PCAC puzzle: pi0 → γγ in the sigma model,” Nuovo Cim. A 60, 47 (1969).
[27] D. E. Kharzeev and H. J. Warringa, “Chiral Magnetic conductivity,” Phys. Rev. D 80, 034028 (2009),
[arXiv:0907.5007 [hep-ph]].
[28] S. M. Carroll, G. B. Field and R. Jackiw, “Limits on a Lorentz and Parity Violating Modification of
Electrodynamics,” Phys. Rev. D 41, 1231 (1990).
[29] R. Lehnert and R. Potting, “Vacuum Cerenkov radiation,” Phys. Rev. Lett. 93, 110402 (2004),
[arXiv:hep-ph/0406128 [hep-ph]].
7[30] A. H. Mueller, “Parton saturation at small x and in large nuclei,” Nucl. Phys. B 558, 285-303 (1999),
[arXiv:hep-ph/9904404 [hep-ph]].
[31] Y. V. Kovchegov and K. Tuchin, “Inclusive gluon production in DIS at high parton density,” Phys.
Rev. D 65, 074026 (2002), [arXiv:hep-ph/0111362 [hep-ph]].
[32] F. Dominguez, C. Marquet, B. W. Xiao and F. Yuan, “Universality of Unintegrated Gluon Distributions
at small x,” Phys. Rev. D 83, 105005 (2011) [arXiv:1101.0715 [hep-ph]].
[33] L. V. Gribov, E. M. Levin and M. G. Ryskin, “Semihard Processes in QCD,” Phys. Rept. 100, 1-150
(1983)
[34] A. Accardi at al. “Electron Ion Collider: The Next QCD Frontier,” Eur. Phys. J. A 52, no.9, 268
(2016), [arXiv:1212.1701 [nucl-ex]].
